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Abstract
We study how information geometry is described by bulk geometry in the gauge/gravity
correspondence. We consider a quantum information metric that measures the distance
between the ground states of a CFT and a theory obtained by perturbing the CFT.
We find a universal formula that represents the quantum information metric in terms
of back reaction to the AdS bulk geometry.
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1 Introduction
Emergence of space-time (geometry) is considered to play an essential role in constructing
quantum theory of gravity. Indeed, it is observed in various contexts including the AdS/CFT
correspondence or the gauge/gravity correspondence [1–3], where the bulk direction on the
gravity side emerges as the scale of renormalization group on the field theory side [2–5].
This observation motivates one to reconstruct full bulk geometry from field theory. The
Ryu-Takayanagi formula [6] gives a hint to this problem. It relates entanglement entropy of
a region in space on which a field theory is defined to the area of a minimal surface in the
bulk whose boundary agrees with that of the region. Thus, it gives a relationship between
quantum information theory and bulk geometry.
In this paper, to further gain insights into this problem, we consider information metric in
quantum information theory other than entanglement entropy, and investigate how they are
encoded in bulk geometry. We represent information metric in terms of back reaction to the
AdS bulk geometry, which is determined by dynamics of gravity. The geometrical quantity
associated with the information metric is local in the bulk direction, while the minimal
surface associated with entanglement entropy is not. Information metrics have been studied
in the context of the AdS/CFT correspondence in [7–15].
The authors of [7] considered a CFT and a theory that is obtained by perturbing the
CFT by an operator and calculate an information metric that measures the distance between
the ground states of these two theories. They examined a gravity dual of a filed theory
that is obtained by gluing the above two theories and found that the information metric is
represented by the volume of a hypersurface that is the time slice in the bulk which ends
on the time slice on the boundary. Further developments in this direction have been made
in [8–11]. A different type of information metric has been investigated in [13–15].
We consider the same set of two filed theories and the same information metric as those
in [7]. Then, we examine two gravity duals, one of which is dual to the CFT and the other
of which is dual to the perturbed CFT. The bulk geometry in the latter gravity dual gains
the back reaction caused by the perturbation. We find a formula (4.23) that expresses the
information metric by deviation of the volume of a hypersurface in the bulk from that in
the case of the AdS geometry. This formula is universal in the sense that it holds for each
case in which the perturbation is given by a scalar, vector or tensor operator. The formula
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is new findings in this paper.
This paper is organized as follows. In section 2, we briefly review information metrics in
field theories. In section 3, we consider a CFT and a theory that is obtained by perturbing
the CFT by a scalar primary operator. We calculate the information metric that measures
the distance between the ground states of these two theories, and associate it to the on-shell
action on the gravity side by using the GKP-Witten relation. In section 4, we evaluate the
back reaction to the AdS geometry caused by the perturbation and find the formula that
relates the information metric to deviation of the volume of the hypersurface in the bulk
from that in the case of the AdS geometry. In sections 5 and 6, we examine the cases in
which CFTs are perturbed by vector and tensor operators, respectively. We find that the
same formula holds as in the scalar case. Section 7 is devoted to conclusion and discussion.
The Ricci tensor and the scalar curvature are calculated in appendix.
2 Information metric in field theory
We consider a field theory defined on Rd, whose coordinates are (τ, ~x), where τ is the Eu-
clidean time and ~x are the (d− 1)-dimensional space coordinates. The wave function of the
ground state |Ω〉 in the theory is represented by a path integral over a time interval from
−∞ to 0 as follows:
〈ψ˜|Ω〉 = 1
Z1/2
∫
ψ(0,~x)=ψ˜(~x)
Dψ exp
[
−
∫ 0
−∞
dτ
∫
dd−1x L
]
, (2.1)
where the value of the field Ψ is fixed to ψ˜(~x) at τ = 0, and Z is the partition function of
the theory. Note that the ground state is normalized:
〈Ω|Ω〉 = 1 . (2.2)
We further consider two theories, the theory 1 and the theory 2, with the same field
content defined by the lagrangians L1 and L2, respectively. We denote the ground states of
these two theories by |Ω1〉 and |Ω2〉, respectively. Then, by glueing the wave functions for
these ground states given in (2.1), we can represent the inner product between the ground
states in terms of a path integral as
〈Ω2|Ω1〉 = 1
(Z1Z2)1/2
∫
Dψ exp
[
−
∫
dd−1x
(∫ 0
−∞
dτ L1 +
∫ ∞
0
dτ L2
)]
, (2.3)
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where Z1 and Z2 are the partition functions of the theory 1 and the theory 2, respectively.
We denote the difference of the two lagrangians by δL. Namely, we have
L2 = L1 + δL . (2.4)
We rewrite the inner product (2.3) in terms of δL as
〈Ω2|Ω1〉 =
〈
exp
[− ∫∞
0
dτ
∫
dd−1x δL]〉
1〈
exp
[
− ∫∞
−∞
dτ
∫
dd−1x δL
]〉1/2
1
, (2.5)
where 〈 〉1 stands for the vacuum expectation value taken with respect to the theory 1:
〈O〉1 = 1
Z1
∫
Dψ O e−S1 = 〈Ω1|O|Ω1〉 . (2.6)
We expand (2.5) in terms of δL up to O(δL2) as [7]
〈Ω2|Ω1〉 =1− 1
2
∫ ∞
0
dτ
∫ 0
−∞
dτ ′
∫
dd−1x
∫
dd−1x′ 〈δL(τ, ~x)δL(τ ′, ~x′)〉1 , (2.7)
where we have assumed
〈δL(τ, ~x)〉 = 0 (2.8)
and the time reversal symmetry
〈δL(τ, ~x)δL(τ ′, ~x)〉 = 〈δL(−τ, ~x)δL(−τ ′, ~x)〉 . (2.9)
We further assume that δL takes the form
δL = φ(~x)O(τ, ~x) , (2.10)
where φ(~x) is a source independent of τ and O(τ, ~x) is a local operator. Then, using (2.7)
and (2.10), we introduce the information metric G which is known as Fisher’s metric and
measures the distance between the ground states of the two theories:
G = 1
T
(1− 〈Ω2|Ω1〉) =
∫
dd−1x
∫
dd−1x′ G~x,~x′ φ(~x)φ(~x′) (2.11)
with
G~x,~x′ = 1
2T
∫ ∞
0
dτ
∫ 0
−∞
dτ ′〈O(τ, ~x)O(τ ′, ~x′)〉1 , (2.12)
where T is the volume of time direction.
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3 Information metric as on-shell action
Let us consider a case in which the theory 1 is a CFT and O(τ, ~x) in (2.10) is a scalar primary
operator with the conformal dimension ∆ in the CFT. Namely, the theory 2 is obtained by
perturbing the CFT by the scalar primary operator. In what follows, the quantities in the
theory 1 are labeled ‘CFT’ instead of ‘1’, while those in the theory 2 have no labels. For
instance,
L = LCFT + φ(~x)O(τ, ~x) (3.1)
and so on.
The one-point function of the primary operator O vanishes, which implies that (2.8) is
satisfied. The two-point function of the primary operator O takes the form
〈O(τ, ~x)O(τ ′, ~x′)〉CFT = C∆
(ǫ2 + (τ − τ ′)2 + (~x− ~x′)2)∆ , (3.2)
where C∆ is a normalization constant and a UV cutoff ǫ has been introduced. We see from
(3.2) that (2.9) is satisfied.
The information metric (2.11) and (2.12) reads
G = 1
T
(1− 〈Ω|ΩCFT 〉)
=
1
8
∫ ∞
−∞
ds
∫
dd−1x
∫
dd−1x′
C∆φ(~x)φ(~x
′)
(ǫ2 + s2 + (~x− ~x′)2)∆ . (3.3)
Suppose that the CFT has a gravity dual defined on AdSd+1.. Throughout this paper,
we consider a situation in which the classical approximation is valid on the gravity side.
Because the information metric takes the form of the generating functional for the two-point
functions, it can be represented by the on-shell action for the bulk field Φ dual to O.
Here we introduce the following notations: xµ = (x0, xi) = (τ, ~x), where µ = 0, . . . , d− 1
and i = 1, . . . , d − 1, and zM = (z, xµ). We use the metric of AdSd+1 in the Poincare
coordinates, which takes the form
ds2 = GMNdz
MdzN =
1
z2
(dz2 + dxµdxµ) . (3.4)
We define a boundary hypersurface in AdSd+1 by z = ǫ, where ǫ was introduced in (3.2) as
a UV cutoff. The CFT is viewed as defined on the boundary.
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The action for Φ on the gravity side is
SM =
1
2
∫
dd+1x
√
G
(
GMN∂MΦ∂NΦ +m
2Φ2
)
, (3.5)
where we have presented only the quadratic terms in Φ, which are needed in the following,
and
m2 = ∆(∆− d) . (3.6)
The equation of motion for Φ is derived from (3.5) as
− 1√
G
∂M(
√
GGMN∂NΦ) +m
2Φ = 0 . (3.7)
The boundary condition for Φ is given by
Φ(z = ǫ, τ, ~x) = ǫd−∆φ(~x) . (3.8)
The solution to (3.7) satisfying the boundary condition (3.8) [3] is
Φ(z, x) =
∫
ddx′K(z, x − x′)φ(~x′) , (3.9)
where K is the so-called boundary to bulk propagator:
K(z, x) =
α∆z
∆
(z2 + x2)∆
with α∆ =
Γ(∆)
π
d
2Γ(∆− d
2
)
. (3.10)
Note that Φ(z, x) is independent of τ .
By substituting (3.9) into (3.5), we evaluate the on-shell action for Φ as follows:
Son−shell =
1
2
∫
dd+1x∂M
(√
GGMNΦ∂NΦ
)
− 1
2
∫
dd+1x
√
GΦ
{
1√
G
∂M
(√
GGMN∂NΦ
)
−m2Φ
}
= −1
2
∫
z=ǫ
ddx ǫ−d+1 Φ∂zΦ
= −∆α∆
∫ ∞
0
dτ
∫ ∞
−∞
ds
∫
dd−1xdd−1x′
φ(~x)φ(~x′)
(ǫ2 + s2 + (~x− ~x′)2)∆ , (3.11)
where we have used (3.7) to obtain the third equality. This would be the generating functional
of φ(~x) for two-point functions of O so that we obtain
C∆ = ∆α∆ . (3.12)
Then, by comparing (3.11) with (3.3), we find
Son−shell = −4TG . (3.13)
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4 Back reaction to the AdS geometry
The theory (3.1) obtained by perturbing the CFT by the primary operator would have a
gravity dual where the geometry has a back reaction to the AdS geometry, namely deviates
from the AdS geometry. We evaluate the back reaction up to O(φ2) in the following.
We parametrize the metric with the back reaction as
ds2 = GMNdz
MdzN =
1
z2
(dz2 + gµν(z, x)dx
µdxν) , (4.1)
with
gµν(z, x) = δµν + hµν(z, x) , (4.2)
where hµν represent the back reaction to the AdS geometry and start with O(φ2) contribu-
tion, which we will focus on.
The gravity action on the gravity side is given by
SG =
1
16πGN
[∫
dd+1x
√
G (−R[G] + 2Λ)−
∫
z=ǫ
ddx
√
γ(2K + λ)
]
, (4.3)
where the cosmological constant Λ is Λ = −d(d−1)
2
, the boundary cosmological constant λ is
λ = −2(d− 1), γ is the induced metric on the boundary, and K is the trace of the extrinsic
curvature. The scalar curvature R[G] is defined in (A.8).
The Einstein equation is derived from (4.3) and (3.5) as
R[G]MN + dGMN = 8πGNTMN , (4.4)
where the Ricci tensor R[G]MN are defined in (A.7), and TMN are defined as
TMN ≡ TMN − 1
d− 1GMNG
IJTIJ (4.5)
with
TMN = ∂MΦ∂NΦ− 1
2
GMN
(
∂LΦ∂
LΦ +m2Φ2
)
. (4.6)
Each component of (4.4) takes the following form:
Trg−1g′′ − 1
z
Trg−1g′ − 1
2
Trg−1g′g−1g′ = −16πGNTzz , (4.7)
∇µTrg−1g′ −∇λg′λµ = −16πGNTzµ , (4.8)
g′′µν − g′µλgλσg′σν +
1
2
Tr
(
g−1g′
)
g′µν − (d− 1)
1
z
g′µν −
1
z
Tr
(
g−1g′
)
gµν − 2Ricµν(g)
= −16πGNTµν (4.9)
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with
Tzz = ∂zΦ∂zΦ + m
2
d− 1
1
z2
Φ2 ,
Tzµ = ∂zΦ∂µΦ ,
Tµν = ∂µΦ∂νΦ+ m
2
d− 1
1
z2
gµνΦ
2 , (4.10)
where the prime stands for the derivative with respect to z, Tr is defined by TrA = δµνAµν ,
∇µ is the covariant derivative with respect to the metric gµν , and Ricµν [g] are the Ricci
tensor for gµν .
We expand the left hand sides up to O(hµν) in order to evaluate hµν up to O(φ2), since
the righthand sides of (4.7), (4.8) and (4.9) are O(φ2). Here, hµν is independent of τ , because
so is Φ, and we ignore total derivative terms with respect to ~x, which will be justified shortly.
Then, (4.7) reduces to
Trh′′ − 1
z
Trh′ = −16πGN
(
∂zΦ∂zΦ+
m2
d− 1
1
z2
Φ2
)
, (4.11)
while (4.9) reduces to
h′′µν − (d− 1)
1
z
h′µν −
1
z
Trh′δµν = −16πGN
(
∂µΦ∂νΦ +
m2
d− 1
1
z2
δµνΦ
2
)
. (4.12)
Taking the trace of (4.12) yields
Trh′′ − (2d− 1)1
z
Trh′ = −16πGN
(
∂µΦ∂µΦ+
m2
d− 1
d
z2
Φ2
)
. (4.13)
The 00 component of (4.12) reads
h′′00 − (d− 1)
1
z
h′00 −
1
z
Trh′ = −16πGN m
2
d− 1
1
z2
Φ2 . (4.14)
By taking a linear combination of (4.11), (4.13) and (4.14), we obtain
trh′′ − d− 1
z
trh′ = −8πGN
{
∂z(Φ∂zΦ)− d− 1
z
Φ∂zΦ
}
, (4.15)
where trA = Aii = TrA−A00, and we have used (3.7) and again ignored the total derivative
terms with respect to ~x. Integrating (4.15) leads to
trh′ = −8πGNΦ∂zΦ , (4.16)
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Figure 1: A red line represents a codimension-2 hypersurface.
where the boundary condition limz→∞ hµν = 0 has been used.
By using the third equality in (3.11) and (4.16), we obtain
Son−shell =
1
16πGN
∫
z=ǫ
ddxǫ−d+1trh′ . (4.17)
Here ignoring the total derivative terms in deriving (4.16) is justified.
By comparing (3.13) and (4.17), we find a formula
G = − 1
64πGN
∫
z=ǫ
dd−1xǫ−d+1trh′ . (4.18)
This formula represents the information metric in field theory in terms of buck reaction to
the AdS bulk geometry. The righthand side of (4.18) is interpreted geometrically as follows.
We consider a codimension-2 hypersurface specified by z = ǫ and τ = const. (see Fig.1).
The induced metric on the hypersurface in the static gauge is given by
γij =
∂zM
∂xi
∂zN
∂xj
GMN
=
1
z2
gij . (4.19)
The volume of the hypersurface is evaluated up to O(hij) as
v =
∫
z=ǫ
dd−1x
√
γ
=
∫
z=ǫ
dd−1xz−d+1
√
detgij
=
∫
z=ǫ
dd−1xz−d+1
(
1 +
1
2
trh
)
. (4.20)
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We subtract the volume of the hypersurface in the AdS case where hij = 0 and denote the
difference by δv:
δv =
1
2
∫
z=ǫ
dd−1xz−d+1trh . (4.21)
By taking the derivative with respect to z, we obtain
δv′ =
1
2
∫
z=ǫ
dd−1x
(
(−d + 1)z−dtrh + z−d+1trh′) . (4.22)
While the first term in (4.22) represents the canonical scaling of the volume, the second
term represents a nontrivial scaling of the volume and is proportional to the righthand side
of (4.18). Thus, (4.18) is rewritten as
G = − 1
32πGN
δv′nontrivial (4.23)
with
δv′nontrivial =
1
2
∫
z=ǫ
dd−1x z−d+1trh′ . (4.24)
5 Vector field
In this section, we extend the analysis in sections 3 and 4 to the case of vector field.
We perturb a CFT by a U(1) vector current J µ(x): the counterpart of the Lagrangian
(3.1) is given by
L = LCFT + aµ(~x)J µ(x) , (5.1)
where the source aµ(~x) is independent of the time, and a0 = 0. The 2-point function of
J µ(x) is given by
〈Jµ(τ, ~x)Jν(τ ′, ~x′)〉 = CV
(ǫ2 + |x− x′|2)d−1Jµν(ǫ, τ − τ
′, ~x− ~x′) , (5.2)
where
Jµν(ǫ, τ − τ ′, ~x− ~x′) = δµν − 2(x− x
′)µ(x− x′)ν
ǫ2 + |x− x′|2 , (5.3)
and CV is a normalization constant. Note that (2.8) and (2.9) are satisfied.
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The information metric, which is the counterpart of (3.3), is
G = CV
8
∫ ∞
∞
ds
∫
dd−1x
∫
dd−1x′ai(~x)aj(~x′)
Jij(ǫ, s, ~x− ~x′)
(ǫ2 + s2 + (~x− ~x′)2)d−1 . (5.4)
A bulk field corresponding to Jµ is a U(1) gauge field AM . The bulk action SA for AM
is given by
SA =
1
4
∫
dd+1x
√
GFMNFMN , (5.5)
where FMN = ∂MAN − ∂NAM . The equations of motion for AM derived from (5.5) are
1√
G
∂M (
√
GFMN) = 0 . (5.6)
Solving these equations around the AdS metric (3.4) with a gauge Az = 0 and a boundary
condition Aµ(ǫ, x) = aµ(~x) leads to [3]
Aµ(z, x) = αV
∫
ddx′
zd−2
(z2 + |x− x′|2)d−1J
i
µ (z, τ − τ ′, ~x− ~x′)ai(~x′) (5.7)
with
αV =
1
2
Γ(d)
π
d
2Γ(d
2
)
. (5.8)
Note that Aµ(z, x) is independent of τ and that A0 = 0.
By substituting (5.7) into (5.5), the on-shell action is obtained as
SA,on−shell =
1
2
∫
dd+1x∂M
(√
GGKMGLNANFKL
)
− 1
2
∫
dd+1xAN∂M (
√
GFMN)
= −1
2
∫
z=ǫ
ddxz−d+3AiFzi
= −(d− 2)αV
2
∫ ∞
−∞
ds
∫
dd−1xdd−1x′ai(~x)
Jij(ǫ, s, ~x− ~x′)
(ǫ2 + s2 + |~x− ~x′|2)d−1aj(~x
′) . (5.9)
This on-shell action is the generating functional for the 2-point function for (5.2) so that CV
is determined as CV = (d− 2)αV . By comparing (5.4) and (5.9), we again obtain (3.13).
We consider the back reaction to the AdS geometry. The bulk action consists of the
gravity part (4.3) and the gauge field part (5.5). The Einstein equations derived from the
bulk action are (4.7), (4.8) and (4.9) with
Tzz = d− 2
d− 1z
2gµνFzµFzν − 1
2(d− 1)z
2FµνFµν ,
Tzµ = z2gαβFzαFµβ ,
Tµν = z2
(
FzµFzν − 1
d− 1gµνg
αβFzαFzβ + g
αβFµαFνβ − 1
2(d− 1)gµνF
αβFαβ
)
. (5.10)
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We again expand the metric around the AdS metric as (4.2). Then, the counterpart of
(4.11) is
Trh′′ − 1
z
Trh′ = −16πGN
(
d− 2
d− 1z
2δµνFzµFzν − 1
2(d− 1)z
2FµνFµν
)
, (5.11)
while the counterpart of (4.12) is
h′′µν − (d− 1)
1
z
h′µν −
1
z
Trh′δµν
= −16πGN
(
FzµFzν − 1
d− 1δµνδ
αβFzαFzβ + δ
αβFµαFνβ − 1
2(d− 1)δµνF
αβFαβ
)
. (5.12)
The trace part of (5.12) is
Trh′′ − (2d− 1)1
z
Trh′ = −16πGNz2
(
1
1− dδ
µνFzµFzν +
d− 2
2(d− 1)F
µνFµν
)
, (5.13)
and the 00 component of (5.12) is
h′′00 − (d− 1)
1
z
h′00 −
1
z
Trh′
= −16πGN
(
Fz0Fz0 − 1
d− 1δ
αβFzαFzβ + δ
αβF0αF0β − 1
2(d− 1)F
αβFαβ
)
. (5.14)
Taking an appropriate linear combination of (5.11), (5.13) and (5.14) and using the equations
of motion, we obtain
trh′′ − d− 1
z
trh′
= −16πGN
{
1
2
∂z(z
2AαFzα)− d− 1
2
zAαFzα − ∂z(z2A0∂zA0) + (d− 1)zA0∂zA0
}
, (5.15)
where we have ignored the total derivative terms with respect to ~x. Integrating (5.15) leads
to
trh′ = −8πGNz2AiFzi (5.16)
where the boundary condition limz→∞ hµν = 0 has been used again.
From (5.9) and (5.16), we again obtain (4.17). Thus, since we have (3.13) and (4.17), we
obtain the same formula (4.23) as in the case of scalar field.
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6 Tensor field
Finally, let us consider the case in which a CFT is perturbed by the energy momentum
tensor:
L = LCFT + hˆµν(~x)T µν(x) , (6.1)
where the source hˆµν is independent of the time and hˆ0µ = 0 . Since Tµµ = 0, we can assume
without loss of generality that hˆµµ = 0. The 2-point function of Tµν is given by
〈Tµν(τ, ~x)Tρσ(τ ′, ~x′)〉 = CTPαβρσ
(ǫ2 + |x− x′|2)d−1Jµα(ǫ, τ − τ
′, ~x− ~x′)Jνβ(ǫ, τ − τ ′, ~x− ~x′) , (6.2)
where
Jµν(ǫ, τ − τ ′, ~x− ~x′) = δµν − 2(x− x
′)µ(x− x′)ν
ǫ2 + |x− x′|2 ,
Pαβρσ =
1
2
(δαρδβσ + δασδβρ)− 1
d
δαβδρσ , (6.3)
and CT is a normalization constant. Note that (2.8) and (2.9) are satisfied.
The information metric, which is the counterpart of (3.3), is
G = 1
2T
∫ ∞
0
dτ
∫ 0
−∞
dτ ′
∫
dd−1x
∫
dd−1x′hˆij(~x) 〈Tij(τ, ~x)Tkl(τ ′, ~x′)〉 hˆkl(~x′)
=
CT
8
∫ ∞
−∞
ds
∫
dd−1x
∫
dd−1x′hˆij(~x)hˆkl(~x′)
Jiα(ǫ, s, ~x− ~x′)Jjβ(ǫ, s, ~x− ~x′)Pαβkl
(ǫ2 + s2 + (~x− ~x′)2)d−1 . (6.4)
The bulk field corresponding to Tµν is hµν in (4.2). We solve the Einstein equation
derived from SG (4.3) with respect to hµν . The boundary condition for hµν(ǫ, x) = hˆµν(~x).
We expand hµν as
hµν = h(1)µν + h(2)µν + · · · , (6.5)
where h(1)µν and h(2)µν are contributions of the first and second orders in hˆµν , respectively.
Putting TMN = 0 in (4.7), (4.8) and (4.9). yields the Einstein equation in this case.
By expanding the Einstein equation up to O(h(1)µν), we obtain the equations for h(1)µν :
(4.7) reduces to
Trh′′(1) −
1
z
Trh′(1) = 0 . (6.6)
12
(4.8) reduces to
(∂µTrh(1) − ∂νh(1)νµ)′ = 0 . (6.7)
(4.9) reduces to
h′′(1)µν − (d− 1)
1
z
h′(1)µν −
1
z
Trh′(1)δµν = ∂
α
(
∂µh(1)να + ∂νh(1)µα − ∂αh(1)µν
)− ∂µ∂νTrh(1) .
(6.8)
The solution to this equation is given by
Trh′(1) = 0 , Trh(1) = 0 . (6.9)
The solution to (6.9), (4.8) and (4.9) with the boundary condition h(1)µν(ǫ, x) = hˆµν(~x)
is given by [16]
h(1)µν(z, x) = αT
∫
ddx′
zd
(z2 + |x− x′|2)dJµρ(z, τ − τ
′, ~x− ~x′)Jνσ(z, τ − τ ′, ~x− ~x′)
× Pρσij hˆij(~x′) . (6.10)
with
αT =
d+ 1
d− 1
Γ(d)
π
d
2Γ(d
2
)
. (6.11)
Note that hµν(z, x) is independent of τ and that h0i = 0.
By using (6.6) and (6.8), we obtain the on-shell action for the gravitational field h(1)µν :
SG,on−shell =
1
16πGN
∫
z=ǫ
ddxz−d+1
{
−1
4
h(1)
ijh(1)
′
ij
− 1
4
h(1)00h(1)
′
00
}
(6.12)
Substituting (6.10) into (6.12) yields
SG,on−shell = − dαTT
64πGN
∫ ∞
−∞
ds
∫
dd−1xdd−1x′hˆij(~x)
Jiα(ǫ, s, ~x− ~x′)Jjβ(ǫ, s, ~x− ~x′)Pαβkl
(ǫ2 + s2 + |~x− ~x′|2)d−1 hˆkl(~x
′) ,
(6.13)
which implies that CT =
dαT
32πGN
. We find the same relation (3.13) between the information
metric and the on-shell action.
Next, we consider the equations for the back reaction h(2). In what follows, we ignore
total derivatives with respect to ~x. (4.7) reduces to
Trh′′(2) −
1
z
Trh′(2) = h(1)
µνh(1)
′′
µν
− 1
z
h(1)
µνh(1)
′
µν
+
1
2
h′(1)
µν
h(1)
′
µν
(6.14)
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while (4.9) reduces to
h′′(2)µν − (d− 1)
1
z
h′(2)µν −
1
z
Trh′(2)δµν − 2Ric(1)(h(2))µν
= h(1)
′
µα
δαβh(1)
′
βν
− 1
z
h(1)
αβh(1)
′
αβ
δµν − 1
2
Trh′(1)h
′
µν +
1
z
Trh′hµν + 2Ric
(2)(h(1))µν (6.15)
The trace part and the 00 component of (6.15) takes the forms
Trh′′(2) − (2d− 1)
1
z
Trh′(2) =
1
2
h(1)
µνh(1)
′′
µν
+ h(1)
′µνh(1)
′
µν
− 3d− 1
2z
h(1)
µνh(1)
′
µν
, (6.16)
h′′(2)00 − (d− 1)
1
z
h′(2)00 −
1
z
Trh′(2) =h(1)
α
0
h′′(1)0α + h
′
(1)
α
0
h′(1)0α −
d− 1
z
h(1)
α
0
h′(1)0α
− 1
z
h(1)
µνh(1)µν , (6.17)
respectively, and (6.6), (6.7), (6.8) and (6.9) have been used. Taking appropriate linear
combinations of (6.14), (6.16) and (6.17), we obtain an equation for trh′(2) = δ
ijh′(2)ij :
trh′(2) =
3
4
h(1)
ijh′(1)ij −
1
4
h(1)00h
′
(1)00
. (6.18)
By using (6.18), the gravity on-shell action (6.12) is rewritten as
SG,on−shell =
1
16πGN
∫
z=ǫ
ddxz−d+1
{
trh′(2) − h(1)ijh(1)′ij
}
. (6.19)
The first term comes from the SEH, being a counterpart of (4.17).
The induced metric of a hypersurface with τ and z fixed is given by γij = z
−2(δij+h(1)ij+
h(2)ij) The volume of the hypersurface is
v =
∫
dd−1x
√
γ
=
∫
dd−1xz−d+1(1− 1
4
h(1)
ijh(1)ij +
1
2
trh(2)) (6.20)
The counterpart of (4.22) is given by
δv′ =
1
2
∫
dd−1x
{
(−d+ 1)z−d(trh(2) − 1
2
h(1)
ijh(1)ij) + z
−d+1(trh′(2) − h(1)ijh(1)′ij)
}
(6.21)
While the first and second terms in (6.21) represent the canonical scaling of the volume, the
third and fourth terms represent a nontrivial scaling of the volume and is proportional to
the righthand side of (6.19). Thus, from (6.19), we again obtain (4.23) with (4.24) replaced
by
δv′nontrivial =
1
2
∫
z=ǫ
dd−1x z−d+1(trh′(2) − h(1)ijh(1)′ij) . (6.22)
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7 Conclusion and discussion
In this paper, we studied how information geometry is described by bulk geometry. We con-
sidered a quantum information metric that measures the distance between the ground states
of a CFT and a theory obtained by perturbating the CFT. We represented the information
metric in terms of the back reaction that the bulk geometry gains due to the perturbation.
We found the formula (4.23) that expresses the information metric by deviation of the volume
of the hypersurface in the bulk from that in the AdS case. The geometrical quantity is local
in the bulk direction. This formula is universal in the sense that it holds for all the cases of
scalar, vector and tensor perturbations. It associates information geometry with dynamics
of gravity. The information metric is related to a codimension-2 hypersurface in this paper,
while it is related to a codimension-1 hypersurface in [7–11]. This difference comes from one
between the situations considered on the gravity side as mentioned in section 1.
We associated the information metric with the volume of a hypersurface specified by
z = ǫ with ǫ small and τ = const.. In order to reconstruct full bulk geometry from field
theory, we should associate it with a hypersurface specified by z = an arbitrary constant by
using renormalization group. Furthermore, it is needed to find relationship between informa-
tion geometry and bulk quantities local even in ~x directions. To understand the geometrical
meaning of the formula (4.23) more deeply, we should find how general codimension-2 hy-
persurfaces in bulk are related to information geometry. It is also relevant to derive effects
of strings and quantum gravity from information geometry to construct quantum theory of
gravity. We hope to report progress in these issues in the near future.
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A Ricci tensor and scalar curvature
In this appendix, we calculate the Ricci tensor and the scalar curvature for the metric (4.1).
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The Christoffel symbols are given by
Γzzz = −
1
z2
, (A.1)
Γzαβ =
1
z
gαβ − 1
2
g′αβ , (A.2)
Γαzγ =
1
2
gαβg′βγ −
1
z
δαγ , (A.3)
Γαβγ =
1
2
gαδ (∂βgγδ + ∂γgβδ − ∂δgβγ)
= Γαβγ(g) , (A.4)
Γzαz = Γ
α
zz = 0 . (A.5)
The Riemann curvature, the Ricci tensor and the scalar curvature are defined by
RIJKL[G] = ∂KΓ
I
JL − ∂LΓIJK + ΓIMKΓMLJ − ΓIMLΓMKJ , (A.6)
RMN [G] = R
K
MKN [G] , (A.7)
R[G] = GMNRMN [G] , (A.8)
respectively.
The components of the Ricci tensor are given by
R[G]zz = −1
2
(
Trg−1g′′ − 1
z
Trg−1g′ − 1
2
Trg−1g′g−1g′ +
2
z2
)
, (A.9)
R[G]zµ =
1
2
(∇αg′αµ −∇µTrg−1g′) , (A.10)
R[G]µν = −1
2
(
−2Ricµν(g) + g′′µν − g′µλgλσg′σν +
1
2
Tr
(
g−1g′
)
g′µν
−(d − 1)1
z
g′µν −
1
z
Tr
(
g−1g′
)
gµν +
2d
z2
gµν
)
, (A.11)
where
Ric(g)µν = ∂αΓ
α
µν(g)− ∂νΓαµα(g) + Γαβα(g)Γβνµ(g)− Γαµβ(g)Γβνα(g) . (A.12)
The scalar curvature is given by
R[G] = GMNR[G]MN = G
zzR[G]zz +G
µνR[G]µν
= z2
(
−Trg−1g′′ + 3
4
Trg−1g′g−1g′ +
d
z
Trg−1g′ − 1
4
(
Trg−1g′
)2 − d2 + d
z2
+R(g)
)
,
(A.13)
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where R(g) = gµνRic(g)µν .
We expand Ric(g)µν with respect to hµν in (4.2):
Ric(g)µν = Ric
(1)(h)µν + Ric
(2)(h)µν + ... (A.14)
where the first order of hµν , Ric
(1)(h)µν , is
Ric(1)(h)µν =
1
2
∂α (∂µhνα + ∂νhµα − ∂αhµν)− 1
2
∂µ∂νh
α
α (A.15)
and the second order of hµν , Ric
(2)(h)µν , is
Ric(2)(h)µν =− 1
2
∂α
{
hαβ (∂µhνβ + ∂νhµβ − ∂βhµν)
}
+
1
2
∂ν
{
hαβ∂µhαβ
}
+
1
4
∂βhαα (∂µhνβ + ∂νhµβ − ∂βhµν)
− 1
4
δαγδβδ (∂µhβγ∂µhαδ + ∂βhµγ∂αhµδ
−∂βhµγ∂δhµα − ∂γhµβ∂δhµα + ∂γhµβ∂δhµα) . (A.16)
Then, we obtain the second order of hµν in R(g),
R(2)(h) =δµνRic(2)(h)µν − hµνRic(1)(h)µν
=− 1
2
∂α
{
hαβ
(
2∂µhµβ − ∂βhµµ
)}
+
1
2
∂µ
{
hαβ∂µhαβ
}
+
1
4
∂βhαα
(
2∂µhµβ − ∂βhµµ
)
− 1
4
(2∂αhµν∂νhµα − ∂αhµν∂αhµν)
− hµν
{
1
2
∂α (2∂µhνα − ∂αhµν)− 1
2
∂µ∂νh
α
α
}
. (A.17)
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We expand the Einstein-Hilbert action and the Gibbons-Hawking term up tp O(h2):
SEH =
1
16πGN
∫
dd+1x
√
G (−R[G] + 2Λ)
=
1
16πGN
∫
dd+1xz−d+1
{
−2d
z2
+ h′′
µ
µ −
d
z
h′
µ
µ +
d
z2
hµµ
− hµνh′′µν − 3
4
h′
µν
h′µν +
d
z
hµνh′µν − d
2z2
hµνhµν +
1
4
∂αhµν∂αhµν − 1
2
∂αhµν∂µhµα
+
1
2
hµµh
′′ν
ν +
1
4
(h′
µ
µ)
2 − d
2z
hνµh
′ν
ν +
d
4z2
(hµµ)
2 +
1
2
∂νh
µν∂µh
α
α −
1
4
∂αhµµ∂αh
ν
ν
}
(A.18)
SGH =− 1
16πGN
∫
z=ǫ
ddx
√
γ(2K + λ)
=
1
16πGN
∫
z=ǫ
ddxz−d
{
−2 − hµµ −
1
4
(hµµ)
2 +
1
2
hµνhµν − hµνh′µν + h′µµ +
1
2
hµµh
′ν
ν
}
.
(A.19)
By using the Einstein equations to the first order of hµν , (6.6), (6.7), (6.8) and (6.9), the
Einstein-Hilbert action SEH is reduced to
SEH,on−shell =
1
16πGN
∫
dd+1x
d
dz
{
−3
4
z−d+1hµνh′µν +
1
2
z−dhµνhµν − 2z−d
}
(A.20)
and the Gibbons-Hawking term SGH is reduced to
SGH,on−shell =
1
16πGN
∫
z=ǫ
ddxz−d
{
−zhµνh′µν +
1
2
h(1)
µνh(1)µν − 2
}
(A.21)
Thus, using (A.20) and (A.21), we obtain the on-shell action (6.12) on the boundary specified
by z = ǫ.
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